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Abstract 
The aim of this paper is to give a second survey on relations between graphs and configurations 
in the sense of [10]. It contains some further relations as well as additional remarks to topics 
which were mentioned in the first survey. In particular, a new and quite general connection 
concerning the existence of certain configurations and the blocking set property is described. 
Since the relations between graphs and configurations are also important from a historical point 
of view the last part contains ome historical facts and some general background of the history 
of configurations. 
1. Introduction and notation 
This paper should be regarded as a sequel paper to [10]. In this first section the 
most important facts are repeated briefly. For further information see [10]. 
Definition 1.1. A configuration (vr, bk) is a finite incidence structure with v points and 
b lines such that 
(1) there are k points on each line and r lines through each point, and 
(2) two different points are connected by a line at most once. 
A symmetric onfiguration (vk, vk) is shortly denoted by vk. 
Configurations (vr, b2) are r-regular graphs on v vertices. A configuration (Vr, bk) is 
equivalent o a bipartite graph with v + b vertices and girth /> 6 such that the degrees 
are equal to r and k resp. In case of  symmetric onfigurations these graphs are regular. 
The configuration graph of a configuration which will play an important role in this 
paper is defined as follows. 
Definition 1.2. The configuration graph of a configuration has the point set of  the con- 
figuration as set of vertices. Two vertices are connected by an edge iff the corresponding 
points are not collinear in the configuration. 
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Instead of using the parameters v,r, b, k the configuration (vr, bk) can be described by 
the parameters order m = k -  1, deficiency d = v -  r (k -  1 ) -  1 and index t = r/k = b/v. 
In Section 2 the occurrence of graphs in the theory of linear spaces and (r, 1 )-designs 
is described briefly. The question whether a given regular graph is the configuration 
graph of a configuration is discussed in Section 3. 
The perhaps most natural connection of a configuration i  the theory of graphs is 
its role as a hypergraph. In the construction of blocking-set-free configurations this 
connection as well as an also easy relation to digraphs played an important role and 
is described in Section 4. 
In Section 5 several historical facts are reported, especially contributions of de Vries 
and Steinitz. Their results in graph-theoretical language were rediscovered later in graph 
theory again. The last section contains a description of Barrau's contributions to the 
theory of configurations. 
2. Configurations and linear spaces 
In [11] it is shown that every configuration can be considered as a linear space in 
the following way. 
Take the lines of the configuration together with the edges of its configuration graph 
(regarded as lines of length 2). This structure is a linear space with lines of size 2 and 
k. It is even an (r, 1)-design, i.e. the number of lines through each point is constant. 
The idea to imbed configurations as linear spaces already goes back to S. MacLane 
[17], who seems to have given the first definition of what is now called a linear space. 
MacLane defines his 'schematic geometric figure' by the following four axioms. 
[17, p. 237] F1: Any pair of points belongs to one and only one line. 
F2: Every line contains at least two points. 
F3: No line contains all the points. 
F4: There are at least two points. 
Later in his paper he described the relation of these structures to configurations as 
follows. 
[17, p. 238] Such a configuration becomes a schematic figure in the above sense if 
those pairs of points not already joined by lines are joined by new 'diagonal' lines. 
One result of [11] is that out of the 974 (r, 1)-designs with at most 12 points there 
are 856 configurations which are not regular graphs, 22 regular graphs, 30 configu- 
rations or regular graphs with additional properties, some further structures, and 43 
structures which can be interpreted as combinatorial structures related to certain non- 
regular graphs. These are described in detail in [12]. 
It looks as if for more than 12 points the percentage of these 'graph-like combi- 
natorial structures' increases. I think that in this case the investigation of the relation 
of (r, 1)-designs as structures imilar to configurations and graphs will become quite 
interesting. 
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3. Configuration graphs and nonexistence of configurations 
3.1. Some examples 
As already mentioned in the introduction every configuration has a unique configu- 
ration graph. Conversely, there is the following problem: Given a regular graph G, is 
there a configuration such that its configuration graph is isomorphic to G? If yes, how 
many nonisomorphic configurations exist? 
Let us consider the case of small configurations v3 as examples. The possible con- 
figuration graphs of configurations 73 and 83 are unique, the empty graph on 7 vertices 
and the 1-regular graph on 8 vertices, resp. They both lead to a unique configura- 
tion. This fact can be deduced by easy calculations or obtained from other papers on 
configurations. 
In the case of configurations 93 we have to consider 2-regular graphs on 9 vertices. 
There are exactly the following four graphs G: 
K3 U K3 U K3, K3 U C6, C4 U C5, C9. 
Now the question is: Given H = K9\G, is there a decomposition of H into edge- 
disjoint triangles? It turns out that in three of the four cases there is exactly one 
configuration and that for Ca U C5 there is no configuration as solution of this decom- 
position problem. These facts can be obtained as a not too difficult exercise or deduced 
from the enumeration results of the last century. 
3.2. The oeneral theorem 
However, the result that there is no configuration 93 for the graph C4 U C5 can be 
deduced from a general theorem and is related to the bisection width of the graph. 
Definition 3.1. The bisection width bw(G) of a graph G is the minimal number of 
edges joining two disjoint sets of vertices Vl and V2 with I V~l = IV21 = v/2 if v is 
even and I Vll = (v + 1)/2 and I V2I = (v -  1 )/2 if v is odd where the minimum is taken 
among all possible bisections of the vertex set. 
The blocking set index of a configuration (/)r, b3) is introduced in order to prepare 
the statement of the following theorem. 
Definition 3.2. (i) The blocking set index B of a configuration (vr, b3) is defined as 
B = b ÷ e - b0, where b is the number of lines, e is the number of edges of the 
configuration graph (e - -dr~2,  d deficiency of the configuration), and bo = ~(~ - 1) 
if v is even, and bo = ((v - 1)/2) 2 if v is odd. 
(ii) A blocking set in a configuration is a subset of points which intersects each line 
in at least 1 and at most k - 1 points. A configuration is called blocking set free if it 
has no blocking set. 
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The following theorem describes a relation between a regular graph, its bisection 
width, configurations and their blocking set property. For details on blocking sets see 
[13] and Section 4.1. 
Theorem 3.3. Let v,r,b,k be the parameters of a possible configuration (vr, bk) with 
a d-regular configuration graph G. Let B = B(v,r,b,k) be the blocking set index 
for configurations with these parameters and bw( G) the bisection width of a certain 
d-regular graph with v vertices. Then the following hold: 
I f  bw(G) < B there is no configuration which has G as its configuration graph. 
I f  bw(G) = B all configurations with G as configuration graph possess a blocking 
set. 
I f  bw(G) > B all configurations with G as configuration graph are blocking set 
free. 
Proof. Let v be even. (For odd v the proof is quite similar.) Consider the partition of 
the point set V = V1 U/I2. Let ai, i = 0, 1,2,3 be the number of configuration lines 
which intersect /I1 in i points. By standard calculations it follows that a0 + a3 = z -  x, 
where x is the number of edges of G in Vl and z = b + bo/2 - rv/2. Since 2x + y = e if 
y denotes the number of edges connecting the sets II1 and V2 and e is the number of all 
edges it follows that z -x  = b+bo/2 - rv /2 -e /2  +y/2 -- ½(bo-b -e+ y) = ½(Y-B).  
Hence, ao + a3 = (y - B)/2. We have bw(G)<, y. 
I f  y < B this is a contradiction since there is no negative number of lines a0 + a3. 
If  y = B it follows that a0 + a3 = 0. Hence there are only lines which intersect he 
partition sets in 1 or 2 points. This means that /I1 and II2 are blocking sets. I f  for all 
possible partitions we have y > B then there is at least one line which is contained 
completely in V1 or I/"2. Hence, a possible configuration has no blocking set. 
For configurations 93 and their configuration graphs we have the following. 
B(9,3,9,3) = 2, bw(C4 U C5) = 0. The bisection width of the other 3 graphs 
is 2. Thus here the above theorem is sharp. All three configurations 93 have a block- 
ing set. [] 
3.3. Further examples 
The above theorem seems to be a good tool. However, it is not sufficient o decide 
the question whether a certain graph has a configuration or not. 
In case of configurations 103 we have the following result: 
B(10,3, 10 ,3 )= 5. Altogether there are 21 cubic graphs with 10 vertices. Exactly, 
1 of them has bisection width 1, the bridge graph. 10 further graphs have bisection 
width 3. The remaining 10 graphs have bisection width 5. However, 3 of them do not 
have a configuration. Here the criterion of the theorem does not imply the nonexistence 
result. Of course, all configurations 103 have a blocking set. 
At last, let us consider the case of configurations (124, 163) (cf. also [9] and [13]). 
B(12,4, 16,3)=4. Concerning the 94 cubic graphs with 12 vertices we have the fol- 
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lowing. 17 graphs have bisection width less than 4. 67 graphs have bisection width 
equal to 4, 66 of them have configurations with blocking sets, but exactly 1 graph does 
not possess a configuration. The remaining 10 graphs have a bisection width greater 
than 4. They all have configurations which are blocking set free. 
These examples how that perhaps a further analysis of the few exceptional graphs 
could yield other general nonexistence riteria. 
4. Configurations as hypergraphs and digraphs 
4.1. Blocking-set-free confiourations 
Recently there has been a remarkable progress in the search for blocking-set-free 
configurations v3. The existence problem has now been settled for all but the following 
8 values: 
v = 15, 16, 17, 18,20,23,24,26. 
The following theorem is a combination of results of Bollobtis, DiPaola, Dorwart, 
Gropp, Griinbaum, Harris, Koh, Kornerup, and Thomassen (cf. [13]). 
Theorem 4.1. There is no blocking set free configuration v3 for 
v = 8,9, 10,11, 12,14. 
There is a blocking set free configuration v3 for all v >1 27 and additionally for 
v = 7, 13, 19,21,22,25. 
This theorem is not only the result of a lot of different mathematicians but also 
of different combinatorial disciplines, the theories of digraphs, of hypergraphs, and of 
configurations. For further details and references see [13]. 
4.2. Tactical configurations 
The example of the previous subsection shows that the relations between different 
combinatorial objects hould be used in obtaining mathematical results. In the following 
I want to describe briefly the position of configurations in hypergraph t eory. 
Definition 4.2. A hypergraph is called k-uniform if the size of all hyperedges i  k. It 
is called r-regular if each vertex is contained in r hyperedges. It is called linear if the 
intersection of two different hyperedges i  at most one vertex. 
Hence, a configuration is nothing else than a uniform regular linear hypergraph. 
However, when hypergraphs were introduced at around 1960 and since then until 
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recently the knowledge on configurations was very small. By the way, uniform reg- 
ular hypergraphs which are not necessarily linear were introduced into mathemat- 
ics in 1896 by Moore as the so-called 'tactical configurations'. For further details 
see [14]. 
5. History of configurations 
5.1. Small regular graphs of de Vries 
A short survey on the history of configurations i  given in [6]. The earliest known 
results on graph theory in the language of configurations are contained in papers of de 
Vries of 1889 [20] and 1891 [21]. Since they are only mentioned as 'Note added in 
proof' in [10] they will be discussed here shortly. 
A report on the two papers [20,21] is given in [8]. Jan de Vries discussed config- 
urations with r = 2 and constructed small examples by using a recursive method. So 
he constructed structures which are equivalent to duals of regular graphs in the sense 
of modem hypergraphs. 
5.2. The theorem of K6nig --proved by Steinitz 
A quite remarkable graph-theoretical result in the language of configurations i  con- 
tained in the dissertation of Steinitz [18] of 1894. (For further details see [15].) As a 
preparation of the main result of his thesis which will not be described here Steinitz 
obtained the following: 
In dem Schema einer jeden Cf. n~ lassen sich die Elemente innerhalb der Colonnen 
in der Weise anordnen, dass jede Horizontalreihe j des der Elemente 1,2 . . . . .  n 
einmal (und also auch nur einmal) enth~ilt. 
In the scheme of each cf. nu the elements can be arranged in the columns in such a 
way that each horizontal row contains every element 1,2 . . . . .  n once (and hence only 
onee). 
This result is equivalent to the therem of K6nig of 1914 saying that each regular 
bipartite graph has a 1-factor. 
Chaque graphe r6gulier ~ circuits pairs poss6de un facteur du premier degr6. 
Every regular graph with even cycles (bipartite graph) has a factor of first degree. 
Steinitz (1871-1928) began his mathematical research in the field of configurations, 
a fact which is not well-known today. He became famous because of his achievements 
in field theory and in the theory of polyhedra. 
5.3. A non-Hamiltonian graph of Steinitz 
In a further paper of 1897 [19] Steinitz implicitly constructed a configuration 283 
which is non-Hamiltonian (in modem terminology). It is equivalent to a cubic bipartite 
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non-Hamiltonian graph with 56 vertices. The problem of Hamiltonian graphs had been 
investigated already 40 years earlier by Kirkman and Hamilton. The configuration or 
graph of Steinitz is only 2-connected. A smaller 2-connected non-Hamiltonian graph 
with 44 vertices was constructed by Dorwart and Griinbaum [4] in 1992 as a configu- 
ration 223. By the way, this configuration is also blocking-set-free. The smallest known 
3-connected cubic bipartite non-Hamiltonian graph has 50 vertices (cf. [5]). 
6. Contributions of Barrau 
The last subsection of this paper deals with a very important contributor to the theory 
of configurations which is unfortunately not mentioned in some of my earlier papers 
on this subject. 
Jan Anthony Barrau was the successor of de Vries in Utrecht after 1928. He also used 
the language of configurations to construct interesting combinatorial structures which 
were rediscovered much later again. I shall concentrate on configurations (124, 163) 
and (258,504) which are equivalent to certain semiregular graphs. I shall also try to 
describe the history of these structures throughout the 20th century. 
6.1. The life and work of Jan Anthony Barrau 
Johan Anthony Barrau was born in Oisterwijk (Netherlands) on 3 April 1873. From 
1887 until 1898 he belonged to the 'Koninklijk Nederlandse Marine'. Then he studied 
mathematics in Amsterdam and on 9 October 1907 he got his Ph.D. in mathematics 
and physics. The title of his 'academisch proefschrift' [1] was 'Bijdragen tot de theorie 
der configuraties'. Afterwards he was professor in Delft (1909-1913) and Groningen 
(1913-1928). In 1928 Barrau became professor of geometry in Utrecht. In 1943/46 he 
retired and lived in Utrecht where he died on 8 January 1953. 
Barrau's dissertation of 1907 [1] is very remarkable. It does not only contain contri- 
butions to the theory of configurations (as the title suggests) but is an encyclopedia-like 
survey on this theory. It consists of two chapters with together 41 sections, moreover 
it contains an index of names (collecting all mathematicians in the theory of config- 
urations which was 30 years old at that time), a preface and 17 statements. The first 
chapter contains basic facts and construction methods, mainly of configurations n3 and 
n4. In the second chapter special problems are discussed. Barrau's constructions of 
configurations (124, 163) will be described below. 
Barrau only wrote a few papers on the topic of his dissertation. The most impor- 
tant ones were written in 1908 [2,3] and will be discussed below. After that Barrau 
contributed papers related to other mathematical fields. He seems to be best known in 
the Netherlands because of his book on geometry which was the first one in Dutch 
language and served as textbook for several decades. 
A few dissertations were written under the supervision of Barrau which deal with 
combinatorial problems, e.g. by Mulder (Groningen, 1917) on the Kirkman schoolgirl 
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problem. I have not yet found the reason why he stopped research on configurations. 
In his dissertation of 1907 Barrau regretted the already observed loss of interest in 
configurations. 
6.2. Configurations (124,163) and (136,263) 
In his dissertation Barrau mentions 6 non-isomorphic configurations (124, 163), three 
of which constructed by himself, the other three by de Vries. However, since this 
dissertation did not become well-known this result was not used until recently. Instead 
the search for these configurations was continued by Czech and German mathematicians 
throughout this century. At about 1954 again 6 configurations were known, at about 
1980 about 200 of them had been constructed in Czechoslovakia. In 1990 the exact 
number of non-isomorphic configurations (124, 163) was determined to be 574. Further 
details can be found in [9]. 
In a paper [2] published one year after his dissertation Barrau attacked the problem 
of determining the exact number of Steiner systems S(2,3,13). Two such systems 
had been known since 1894. In 1908 Barrau proved that there are no more systems. 
This had already been proved by de Pasquale (1899) and Brunel (1901), a fact which 
was obviously unknown to Barrau. The history of Steiner systems S(2, 3, 13) has been 
discussed in detail in [7]. The proofs of de Pasquale, Brunel, and Barrau depend 
on the relation of Steiner systems S(2,3, 13) and configurations 103 which had been 
constructed by Kantor in 1881. 
6.3. Steiner systems S(2, 4,25) 
In a similar way Steiner systems S(2,4,25) (or configurations (258,504)) are related 
to configurations 214. At the end of a second paper [3] in 1908 Barmu constructed 
such a Steiner system S(2, 4, 25) a fact which remained unknown until recently. It was 
rediscovered 67 years later implicitly. 
In the following a short history of S(2,4,25) is given. The first 'officially' con- 
structed system is contained in the important paper of Bose (1939) where he some- 
how started a new mathematical theory, the design theory. The second system is 
mentioned in a paper of Goethals and Seidel (1970) and seems to have been con- 
structed by Delsarte. The construction of this system is not cited in most of the papers 
afterwards. 
In 1976 and 1978 a third S(2,4,25) became known (Denniston, Hanani). It is the 
derivation of higher t-designs (S(5, 7,28) and S(3, 5,26)). This system is isomorphic to 
the one which was constructed in 1908 by Barrau. In the following years the number 
of systems grew from 3 to 4, to 8 and finally to 16 (cf. [16]). In this paper of 1989 
all S(2,4,25) with a non-trivial automorphism group are constructed. Up to now it is 
unsettled whether a system with the identity as automorphism group exists. 
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